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On the LP Space of Observables on Product MV
Algebras'
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A weakly o-distributive product MV agebra M is considered as a base of a
guantum structure model. A state is a morphism from M to the unit interval, and
an observable is a morphism from the system of al Borel setsto M. It is proved
that the subspace LP of the space of observables is a complete pseudometric
space. This result generalizes the previous result; the proof is new.

1. INTRODUCTION

Thereis given an MV agebra (M, &b, ©, 0 0, 1), where ® and © are
binary operations, [0is a unary operation, and 0 and 1 are fixed elements
such that some axioms are satisfied [1, 2, 7]. By the Mundici representation
theorem [4] there exists a commutative I-group G such that M = (0, uy C
G, where 0 is the neutral element of G, and u is a strong unit in G,

a®b=(a+hb)0u
aOb=(@+b-u0OO0
a*=u-—a
An MV algebra M is called a product MV agebra [6] if there is given a
binary operation - on M satisfying the following conditions:
i) u-u=u.

(i) The operation - is commutative and associative.
(iii) fa+b=uthenc-(@a+hb)=c-a+c-bforanyx e M.
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(iv) Ifa, ™ 0,b, ™ O, thena, - b, ™ 0.
A state is amapping m: M - (0, 1) satisfying the following conditions:

(i) mu) =1
(i) If a= b + c, then m(@a) = m(b) + m(c).

(iii) If a, 7 a, then m(a,) 7 m(a).

An observable is a mapping x: B(R) - M (B(R) is the o-agebra of
Borel subsets of R) such that the following properties are satisfied:

i xR =u.
@iy 1fANB=2g,thenx (AU B) =xA) + (B).
@ity 1If A, 7~ A, then x(A,) 7 X(A).

Ifm M - (0, 1) is astate and x: B(R) — M is an observable, then
m,= meo x: B(R) - (0, 1) is a probability measure.
An observable x: B(R) — M belongs to LP if there exists

j 1t dmy)
R

The notion of an observableis ageneralization of the notion of arandom
variable & (2, &, P) - (R B(R), P:), since

RS0
Q R
In the LP space of random variables the distance is defined by the formula

pp(€, M)P = J

Q

£ mPdP = ” u - v dPy(u, V)
RZ

where T = (§,m): Q - R Pr: B(R?) - (0, 1), Pr(A) = P(TY(A)). Instead
of arandom variable &, we consider an observable, and instead of a random
vector T we consider a so-called joint observable. The joint observable of
observables x, y: B(R) —» M is a mapping h: B(R?) - M satisfying the
following conditions:

() hR) = u.

(i) If AN B =2, then h(A U B) = h(A) + h(B).
(i) If A, ~ A then h(A) 7 h(A).

(iv) h(C x D) = X(C) - y (D) for any C, D ¢ B(R).

Now it is natural to define the distance of two observables x, y € LP
by the formula
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- o 1) :
p(X, y) = {(J LZ lu — v|P dme h(u, v))? it x+y
0 if x=y

Here h is the joint observable of x, y. Of course, we have to prove that the
joint observable exists and the function (u, v) ~ |u — V[P is integrable with
respect to m e h. It works in so-called weakly o-distributive MV algebras.
A o-complete MV agebraisweakly o-distributiveif for any bounded double
sequence (a;) of elementsof M suchthata;; L 0(j — «,i=1,2,...) wehave

A\ y =0
e:N-N i\:/l al‘P(I)

Lemma 1. Let M be weakly o-distributive product MV algebra. Then
to every observables x, y: B(R) - M there exists their joint observable.

Proof. [6]. =

Lemma 2. If x, y are observables from LP, then g: (u, v) — |u — V[P is
integrable with respect to mo h.

Proof. Consider the probability space (R?, %(R?), m o h) and random
variables &, n defined on the space by the formulas

&(u,v) = u, nu, v) = v
Evidently
P(A) = P(E%(A)) = mh (A X R))

mMX(A)Y(R) = m(A)

hence

| lepap = PPy = | Itpame

R R R
We have obtained that ¢ € LP. Similarly € L”. Therefore& — v e LP, hence

JJ lu— v[Pdme h(u, v) = JJ € —mPdP <o m
R R
Recall that in ref. 5 the distance p(x, y) was defined by the formula
Up
(%, y) = ( [ e dmxy(t))
R

where x — y isthe difference of observables. It can be defined by the formula
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x—y=heog?

where h is the joint observable of the observables x, y and g: R> - Riis
defined by g(u, v) = u — v. Of course,

J mpwmwa)=J'thmohogl(o
R R

= JLZ lglP dmoh = JLJU — v[P dme h(u, v)

2. COMPLETENESS OF L”

Theorem. Let M be a weakly o-distributive product MV algebra. Then
(LP, p) is a complete pseudometric space.

Proof. To prove the symmetry, take ¢: R? - R?, ¢(u, V) = (v, U). Then
ho e (A X B) = h(B X A) = x(B)y(A)

hence h, = h o ¢ 1 is the joint observable of observables y, x. If we put
g(u, v) = |u — V[P, then

p(x,yPZJf gdmohzjf gegedmehog?
R R
= [ [, gdme e = ot 0?
R2
To prove the triangle inequality, let us mention first
p(X, Y)P = JJ lu— v[Pdme hy(u, v) = J JJ lu — v|P dmo h(u, v, w)
R R

where h: B(R®) - M is such a morphism that h(A X B X C) =
X(A)y(B)z(C). Similarly,

p(X, 2P = J J LS lu — w[P dme h(u, v, w)

p(y, 9P = J J L3 lv — w|P dme h(u, v, w)

Consider (R®, B(R®), m° h) and put &(u, v, w) = u, n(u, v, w) = v, {(u, v,
w) = w. We obtain
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p(X,y)p=J |€ = m[PdP

R3

p(x,zw:j £ — (P dP
R3

p(u, X)P = J In —¢PdP
R

Using the triangle inequality in the space LP(R®, B(R®)P), we obtain

p
p(x y) = (JR3 & — m|P dF’)
Up Up
= (J & — ¢ dP) + (J L — nl"dP) = p(X, 2) + p(z. Y)
) R

Now, let (x,), be a Cauchy sequence in LP, i.e. limg_ . p(Xn, X) = O.
We shall work with the space (RN, o(%), P), where o(%) is the o-algebra
generated by cylinders and P is the measure induced by the consistent system
of measures

P,=meoch,; BR - (0, 1)
where h, is the joint observable of xy, ..., X,, hence
Pa(Ag X === X A) = Mx(Ag) - =+ Xa(An))

Define further &, RN - R by the formula £,((u);) = u,. Then &, is arandom
variable and

Pgn(A) = P(ngl(A)) =me hn(R X -+ X RX A)
MOG(R) - . %,(A)) = My (A)

hence
Pgn = ran

Moreover,

pp(‘gna &P = JN

la—gmdp=fu—vMMOMuw
R RZ
= p(Xn, XJP

hence (&), is a Cauchy sequence in the space LP(RY, o(¢), P). Since this
space is complete, there exists £ e LP such that
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lim py(&n, €) = 0
Then there exists a subsequence (£,); such that P-a.e. [3]

’Eni - g
Denote ni = gnii Yi = Xnia and let

X(—oo, W) = Q \j/1 A yn((—oo, u- —>)

X 0) = A A Cyn((—oo,u—l»
=1 k=1 n=k P

Let h, be the joint observable of observables y,, y;, hence hy ((—, u) X
(=, V)) = Yu((—2°, W)y ((—=,Vv)). Let he,; be the joint observable of y;,
.y Yisi- Thenfori > j — k we have

k+i
A (5,0 x (-,

= ”(k;\:( hei({ (uy, - - Ugri)s Un < U, Uy < V})>

’7‘<hk+|(k+I {(uy, ..., Ueri)s Up < U, U < V}>)

k+i
- P(Qk URGEAD IR (G v)))

Therefore
mMX((—e, W)y; ((—2, v)))

= lim lim lim m<k/\+l Yo((=22, W))y; ((—2», V))>

p-o koo i

poo© koo i

= lim lim lim P<ﬂ M (=2, W) (=, V))>

= PEH((—2, W) N (=, V)
Similarly,
mX((—, W)y;((—=, v))) = PE (=, u)) N mj (=, v)))

Since X((—2°, u)) < x((—2°, u)), we obtain
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mM(X((—o2, W)y; (=, V))) = mx((—, w)y; (=, V)))
= PE (=%, u)) N {((==, v)))

By ref. 7, Theorem 9.8.4, we conclude that there exists an observable y:
B(R) - M such that

m{y((=e, W)Y; (==, V))) = P(n" (=2, u)) N mj (=, u)))

Moreover,
[ tramt = [ Hoary = |l e <o
R R R
hencey e LP. Put
F(u, V) = PE (=, 1) N (0, V)
Pt ¥) = Pl (=, W) 1y 2((—%, )
= Myl WY (=, W)

Then [3]
F(u, v) = lim Fy(u, v)

Further
p(Y, V)P = ”N lu — v|P dme h(u, v)
R

where h is the joint distribution of y, y;. It follows that
m(h((—, u) X (=%, V))) = m(y((—, u))y;((—==, v)))
= PE (=, u) N (=2, v))) = F(u, v)
Therefore

oy, y)P = J L2 lu — v dm h(u, v

=JJ lu — v|P dF(u, v)
R2

= lim J LZ lu — v[|P dF(u, v)

n- oo

= lim p(y, )"
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= lim pp(nn, M) = pp(&: &))"

We have constructed an observable y e LP and a subsequence (x,); such
that x, — Y. Since (X,), is Cauchy, (X,), also convergestoy. m
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